THE SCALAR CURVATURE EQUATION ON 
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Abstract. We give existence results for solutions of the prescribed 
scalar curvature equation on S"^, when the curvature function is a posi- 
tive Morse function and satisfies an index-count condition. 



1. Introduction 

Let be the standard sphere with round metric go induced by = 
(0) C W^. We study the problem: Which functions K on occur as 
scalar curvature of metrics g conformally equivalent to ggl Writing g = ip'^go 
and k{9) := ^{K{9) — 6) this is equivalent to solving for t = 1 (see jsj]) 

-8A5399 + 6ip = 6(1 + tk{e))ip^, > in S^. (1.1) 

An obvious necessary condition for the existence of solutions to (jl.ip is 
that the function K has to be positive somewhere. Moreover, there are 
the Kazdan- Warner obstructions 0, llB]) which imply in particular, that a 
monotone function of the coordinate function Xi cannot be realized as the 
scalar curvature of a metric conformal to go. 

Numerous studies have been made on equation (jl.ip and its higher dimen- 
sional analogue and various sufficient conditions for its solvability have been 
found (see [1, 0, H, [HI, 11, [3] and the reference therein), usually un- 



der a nondegeneracy assumption on K. On a positive function K is 
nondegenerate, if 

AK{e) / if VK{e) = 0. (nd) 

For positive Morse functions K on it is shown in [l3, [13] that (jl.ip is 
solvable if K satisfies (IndD and 



d:=-(l+ ^ (-l)'°'i(^'^)) / 0, (1.2) 
VK{e)=o, 

AK{e)<0 

where ind(i^, 9) is the Morse index of K at 9, i.e. the number of negative 
eigenvalues of the Hessian. For example the simplest possible positive Morse 
function K = 2 + Xi, where we already know from the Kazdan- Warner 
obstructions, that there are no solutions, yields d = 0, as the only critical 
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point of K with negative Laplacian is the global maximum with Morse index 
3. Moreover, consider the functions Ki G C°°(5^,M) defined by 

Ki{X) := 2X1 + 6^2 + 7X| + 8X|, 
K2{X) := 2,Xl + 6X| + IXl + 8X|, 
K^{X) := AXl + 6X| + 7X| + 8X|, 

where for 1 < i < 4 is the ith coordinate function of C M^. Each Ki 
is a positive Morse function with critical points given by 

{±Ei G ^3 ^ : 1 < i < 4}, 

where {Ei, 1 < i < 4} denotes the standard basis of M^. The global max- 
imum is attained at ±£^4, the global minimum at zti^i, ±£'2 and itE's are 
saddle points. The sign of the Laplacian, the Morse-index, and d are col- 
lected in Table [I] below. Thus, ([Ll]) is solvable for t = 1 and K G {Ki, i^s}. 







K2 


K3 


±Ei 


As'.^Ki{±Ei) > 
mdiKi,±Ei) = 


AsiK2{±Ei) > 
md{K2,±Ei) =0 


As-aK3{±Ei) > 
md{K3,±Ei) = 


±E2 


As3Ki{±E2) < 
ind(Ki,±S2) = 1 


A53i^2(±^2) = 
ind(i^2,±^2) = 1 


As3K3{±E2) > 
ind(K3,±^2) = 1 


±Es 


As3Ki{±E3)<0 
md{Ki,±Es) = 2 


As3K2i±E3) < 
ind(ii:2,±^3) =2 


AssKsiiEs) < 
md{K3,±E3) = 2 


±E4 


AsiKi{±Ei) < 
md{Ki,±E4^) = 3 


As3K2{±E4) < 
md{K2,±E4) = 3 


As3i^3(±^4) < 
ind(K3,±£;4) = 3 


d 


1 


? 


-1 



Table 1. Degree for Ki, K2, K3. 



The function K2 does not satisfy the nondegeneracy assumption (lnd|) at E2 
and the above result is not applicable. For the special function K2 a different 
approach leads to a solution: K2 is symmetric with respect to reflections on 
the sphere and the problem may be shifted to the projective s pac e MP^. 
Since MP^ is not conformal to the result of Escobar and Schoen [ij] yields 
a solution on MP"^ that may be shifted back to obtain a solution for K2 on S^. 
But, the argument breaks down for any nonsymmetric perturbation of K2- 
We are interested exactly in this case, when the nondegeneracy assumption 
(|ndp is not satisfied, and we shall give the required general existence result. 
In the following, unless otherwise stated, we will assume that K = 6(1 -|- A;) G 
C^{S^) is positive. To give our main results we need the following notation. 
We denote by Se{-) stereographic coordinates centered at some point 9 G S^, 
i.e. 5e(0) = 6. We write kg = k o Se and for a critical point 9 of k with 
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D^kg{0) invertible we let 

ao{e) := £ [ke{x)-Tl^,{x))\x\-^ 

ai{d) := A2A;,(0) + V(AA:,(0)) • {D^ke{0)y\{Akem, 

a2{9) := ke{0)ai{9) [ \D^ke{0){xf\\ 

JdBi{Q) 

where all differentiations are done in M^, the mth Taylor polynomial of kg 
in y is abbreviated by 



and § is the Cauchy principal value of the integral, 



f{x) := lim / 



The value ao(^) is well defined because of the cancellation due to symmetry. 
For instance expanding TJJ^ q in spherical harmonics we get 



f jo if mis odd, 



The value ao{9) will be of interest only in points where (jndp is not satisfied, 
that is when Vke{0) and Ak0{O) vanish simultaneously. In this case ao{6) 
is given by 



ao{e) = S (A;e(x)-A;e(0))|x| 



and measures, weighted by |x| ®, the difference between kg and A;6i(0). 
Denote by Crit(A;), M, and T the sets, 

{eeS'^ : Vk{9) = 0}, 

{6 G Crit(A;) : Ake{0) = ao{e) = 0, and 02(0) / O}, 
{-ai{e)/a2{e) : 6 G Af}, 



Crit(fc) 
M 
T 



Theorem 1.1. Suppose 1 + A; G C^{S'^) is a positive Morse function. Then 
([LTD is solvable for t £ (0, 1] \ T, if 



0^d{t) = -(l+ (-l)™<'='^)j, (1.3) 

where 

Crit-{k,t) ■=^eeS^ : Vk{e) = and 

lim^ sgn(^Ak{9) + ao(^)/x - (ai(0) + to2(e))/i^) = -l}. 
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The number d{t) is the Leray-Schauder degree of the problem (jl.ip . 

We note that set of critical points of K and k are equal and for any 
6 G Crit(A;) we have 

sgn(A53K(e)) = sgn{As3kie)) = sgniA^akeiO)), 

■md{K, e) = ind(A;, 9) = ind(A;e, 0). 

Hence, the nondegeneracy condition (jndp implies that the set M is empty 
and the formula in (jl.3p gives exactly the index-count condition in (jl.2p . 
In contrast to (jl.2p the Leray-Schauder degree now depends on t and may 
change as t crosses some value in T. Indeed for any 

__ai(^ 
t,- ^^^^^ G J rnu,ij 

there is a "blow-up curve" {t{s)^ip{s)) such that 

lirn t(s) = t*, lirn ||9?(s)||Loo(5^(g)) = -|-oo for all e > 0, 



and ip{s) solves (jl.ip with t = t{s) (see [2l|] and Figure [D below) . 






eeS= 



l/sup(cp) 



Figure 1. Blow up curves 



An inspection of the proof of Theorem 11.11 shows that the result remains 
valid, when k is only in C^{S^). We state Theorem 11.11 for functions k G 
C^(5^), because we use the analysis in iO, 21 1, which is done in this setting. 
To illustrate our results we will apply Theorem 11.11 when K equals Ki for 
some i G {1,2,3}. For i G {1,3} the set M is empty, as the Laplacian 
does not vanish at any critical point, d(-) is independent of t 7^ and given 
by (jl.2p . Concerning K2, the critical points with vanishing Laplacian are 
{±£"2} and we need to compute aj{zizE2) for j = 0, 1, 2 and the function 



6) = Ix 



+ -xi 

6 ^ 



+ '-x! 
3 ^ 



A straightforward computation (see [24]) shows 

224 

ao(±^2) = 0, ai{±E2) = 0, a2{±E2) = - — . 

y 

Hence, M = {±£2} CS^,T = {0}, and 

ift>0, 



d{t) 



1 if t < 0. 



Thus, we may replace the question mark in Table [T] by —1. Moreover, for 
7^ /i E C^(S'^\{ib£'2}i I^>o) we consider k2^sh, where s is a small positive 
parameter. Since 



/ h±E2{x)\x\ ^ > 0, 

JR3 



the sets M and T are empty for k = k2 ± sh and < s << 1, the degree for 
t 7^ is given by 

d{t) = — 1 for k = k2 + sh, d{t) = 1 for k = k2 — sh. 

Furthermore, we consider for < s << 1 

k = k2 + s(7(l - X^ f - 20(1 - Xif) 

For small positive s the set of critical points of K is given by {ib£^,} with 
vanishing Laplacian only at ±£'2, ao(±ii^2) = 0, and 

224 

ai{±E2) = 13440s, a2{±E2) = — — . 

9 

Thus, M = {±E2}, T = {540s}, and for t / 

if t> 540s, 
1 if t < 540s. 



dit) 



The change of the degree is due to the two blow-up curves r 1— > (t^(r), ip^{r)), 
where t^{r) —>■ 540s and f^ir) concentrates at ±i?2 as r — > 0. It is inter- 
esting to note that, although K is even in this case, the solutions on the 
blow-up curve are not even as they concentrate in a single point. 
To prove our main result we embed our problem into a two dimensional 
family of problems. We choose h G C°°{S^, [0, 00)) such that 

supp(/i) n Crit(A:) = 0. (1.4) 

We fix < to G (0, 1] \ T and consider for s > 

-8As3ip + 6ip = 6(1 + to{k{e) + sh{9))^(p^, ip>0 in S^. (1.5) 

Analogously as above, we define aj{9, s) for j = 0, 1, 2 and Ms by replacing 
k hy k + sh in the definition of aj{9) and M. We obtain for 9 ^ supp(/i) 



aoi9 , s) = ao{9) + s hg{x)\x\ ^ , ai{9, s) = ai{9), a2{9, s) = a2{9). 
From (|1.4p there is sq > such that for < s < sq: 
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• Crit(A:) = Crit(A: + sh), 

• k + sh is a Morse function, 

• ao{e) ■ ao{9, s) > 0, if Vk{9) = and 00(6*) ^ 0. 

The main reason for introducing the perturbation h is that the sets Mg are 
empty, because 

ao{9,s) / 0, iiVk{9) = 0. 
By standard elhptic regularity the operator Lg, defined by 

Ls : f^{-8Ass+6)-^(6[l + to{k{9) + shi9))')ip^y 



is compact from (7^(5^) into C'^{S^). Prom the apriori estimates in 2]| , as 
to ^ T, there is Ct^ > such that all positive solution to (|1.5p with s = 
lie in Bct^ , 

Be ■■= W e C^iS^) ■■ \Mc^{S^) < C and C'^ < 

Moreover, as Crit(A; + sh) does not change when s moves from to sq, we 
may apply Theorem 7.1 in [2lt]. Thus, for any < 6 < sq there is C5 > 
such that all positive solution to (II. 5p with s £ [5, sq] lie in Bcg ■ The Leray- 
Schauder degree deg{Id — Ls,Bcg,0), which is well-defined and independent 



of s G [6, So] by the apriori estimates, is computed in [20|] and equals 

deg(/d-L„^c,,0) = -(l+ (-ir^(''')), (1.6) 

eeCrit-{k+sh) 

where the set Crit^{k + sh) is given by 

Crit-{k + sh) := 1^9 £ Cnt{k) : lim^ sgn(^AA;(0) + ao(e, s)/u) = -l}. 

As /i > 0, we have for 9 G Crit(/c) that ao{9, s) < if and only if 00(6*) < 0. 
hence 

Crit_{k + sh) = {9 e Crit(/c) : Ak{9) < or {Ak{9) = and ao{9) < O)}. 
The constant Cs in [2ll | depends on 



sup {\ao{9,s)\-^ : Vk{9) = 0, Ake{0) = and ao{9,s) ^ 0}. 

sG[(5,so] 

Consequently, we cannot assume that Cs remains bounded as 5 ^ 0. Indeed, 
we shall show that as s moves to the family of solutions splits into solutions, 
that remain uniformly bounded as s — > 0^ and converge to solutions of (jl.Sp 
with s = 0, and solutions that blow up as s — > 0^. When s moves to 0"'' 
the total degree, which is computed in (|1.6p . is given by the sum of two 
degree's, the degree of the "bounded solutions", that we are interested in, 
and the degree of the "blow-up solutions". We will compute the degree 
of the solutions, that blow up when s — > 0^, as a sum of local degree's. 
Subtracting the result from (|1.6p leads to the formula in (|1.3p . 
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2. Preliminaries 

For fixed S in stereographic coordinates Sg{-) equation (jl.Sp is equiv- 
alent to 

-Au = (1 + to{kg{x) + she{x)))u^ in M^, w > 0. (2.1) 
where hg = h o Sg and 

u(x) = 7^e((/?)(2;) := 3^(1 + \x\'^)~^ip o Sg{x). (2.2) 



The transformation (j2.2p gives rise to a Hilbert space isomorphism between 
i/i'2(53) and pi'2(M3)^ the closure of C^(M3) with respect to 



uf := I \Vu\'^ = {u,u). 



Due to elliptic regularity (see [a, ll9|) and Harnack's inequality it is enough 
to find a weak nonnegative solution of (II. Sp in H^''^{S^), or of the equivalent 
equation in 2?^'^(R3). Although we take advantage of both formulations, 
we mainly consider (12. ip to analyze the blow-up behavior and to compute 
local degrees. Weak solutions to (j2.ip correspond to critical points of ft^^s '■ 

P^'2(M3) ^ M 

ftoA^)-= I ]:Wu\^ -]:(l + tii{kg{x) + shg{x))]v!^dx. 

We denote by /o the unperturbed functional with to = s = 0. The positive 
solutions of (12.11) for to = s = 0, i.e. the positive critical points of /o, are 
completely known (see 0, l3, 15]) and given by a noncompact manifold 

Z:={z^,y{x) :=/i-l33(l + |^^f) ' : yeM^/x>0}, 

We state some properties of the critical manifold Z and /o (see 0, [2l[ for 
details). We define for /x > and y G the maps Uf,, Ty : ^^'^(M^) ^ 
pi'2(M3) by 

^^(n) := /""^^(~) '^(^) •= ""(■ ~ y)- 
With this notation the critical manifold Z is given by 

Z = {z^^y = Ty o ^/^(zi,o) : ?/ e M^ /X > 0}. 
The dilation U^^ and the translation Ty are automorphisms of V^^'^iM?) and 



for every > 0, y G M"^, and u G 2?-'^'^( 

{U,)-^ = {U,f = C/^-l, (Ty)-' = {TyY = T^y, 

/o = /o o = /o ° and (2.3) 
i^'(r;) = {Ty o Z^^)-i o flliTy o Z^^(^)) o (t;, o U^), 
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where (•)* denotes the adjoint. The tangent space T^^^^yZ at a point z^^y S Z 
is spanned by 4 orthonormal functions, 

T.^yZ = {{i^,,y\ : i = 0...3), 

— ^ ifl<7<3 
The maps ^/^ and Ty are isomorphism of the tangent spaces, and moreover 

{ifi,y)i = TyOl{^{{ilfi)i), 

^ (2-4) 
TyoU^: {T^Z)^ {TryoU^(^z)Z)^ ■ 

We consider fl^^^s{u) as an element of 2?-'^'^(R'^) and as a map in 

/:(pi'2(M3)). With this identification //[^ (u) is a self-adjoint, compact per- 
turbation of the identity map in 

pi'2(M3). The spectrum (j{fl^{z^^y)) con- 
sists of point-spectrum accumulating at 1 and is computed together with 
the eigenspaces in |21i] . Since Z is a manifold of critical points of /q, the 
tangent space T^Z at a point z £ Z is contained in the kernel A^(/q (z)) of 
foiz), knowing the eigenspaces we see 

T^Z = N{f(^{z)) for all z £ Z. (2.5) 

If (|2.5p holds the critical manifold Z is called nondegenerate (see Q). The 
operator fQ{z) maps the space P^'^(M^) into T^Z-^ and is invertible in 
C{TzZ-^). From (|2.3p and (j2.4p . we obtain in this case 

ll(/o(^i,o))-i£(T.,„zx) = \\{foiz))-'\\c(T.z^) Vz e Z. (2.6) 

Moreover, Tj^j^Z-*- splits orthogonally into (see (2ll |) 

r,^,^z^ = (^i;;/;, : i,i e No, 2 < i + j < n, l </< q), (2.7) 

where ^f^^; are eigenfunctions of f^iz^^y) with positive eigenvalue 

15 

(4 + 2(i+j-l))2-l- 

The dimension of the eigenspace corresponding to Aj.^ is denoted by Cj. 
The functions ^'^f, are smooth and given in terms of Jacobi polynomials 
and spherical harmonics. The operator /g (-z^,y) has precisely one negative 
eigenvalue —4 with one-dimensional eigenspace 

3. The blow up analysis 



Based on the results in [17|, |23(] we have the following lemma (see [2l|, Cor 
3.2]) 

Lemma 3.1. Suppose 1 + tQk £ C^{S'^) is positive and h G C°°(5^) is 
nonnegative. If {si,ipi) £ [0, 1] x C'^{S'^) solve ( fl.5|) with s = Si, then after 
passing to a subsequence either {ipi) is uniformly hounded in L°°{S'^) (and 
hence in C^'"(5^) by standard elliptic regularity) or there exist 9 £ S"^ and 



sequences {fii) G (0, oo), (yj) E M'^ satisfying linii^ca fJ-i = and limj_+oo 
0, sitc/i t/iat ('in stereographic coordinates Sg{-)) 



T^eifi) ~ (l + to{h{yi) + Sihg{y,i))j z^.^y^ is orthogonal to T^^. ^.Z, 
\\TZe{ipi) - (l + to{ko{yi) + Siheiyi))^ ^ z^^.y^\\j)i,2^pi) = o(l). 

4. The finite dimensional reduction 

For the rest of the paper, unless otherwise indicated, integration extends 
over and is done with respect to the variable x. 

Lemma 4.1. Suppose 1 + A; G C^{S^) is a positive Morse function, to £ 
(0, 1] \ T, h £ C°°{S'-^) satisfies and 6 £ S^. Then there exist sq = 

so{to,k,h) > 0, /io = fio{to,k,h) > and two functions w : D^'^(E^) 
and a : O ^ M'* depending on t^, k, h, and 6, where 

n := {(s,/i,y) G (-so,+so) x (0,/io) x M^} 

such that for any (s, fj,,y) £ O 

w{s,iJ,,y) is orthogonal to Tz^^Z (4.1) 

\\w{s,^i,y) - wo{s,fi,y)\\ + ||q(s, //, y)|| < po, (4.3) 
where {{6.^j.,y)i ■ i = 0. ■ .3} denotes the basis ofTz^^Z given in ()1.3p anc? 
wo{s,^^,y) := ((l + to{ke{y) + she{y))y^ - l^z^^y. 

The functions w and a are of class and unique in the sense that if 

{v,(3) satisfies (|4.1|) - (|4.3|) for some {s,fi,y) £ Q then {v,(3) is given by 

{w{s,fi,y),a{s,i^,y)). 

Moreover, we have we have as /u — > 

4 

\ais,l^,y) - ^aj(s,/x,y)| = 0(/+3 + //^j vA;e(y) + sV/ie(y)P) 

+ 0{fi^\Vke{y) + sVhe{y)\ + i2^\Ake{y) + sA/ie(y)|), 
where ai, are given by 

"^^^'^'^^ ■= + + ^^^(^)))" ^(v.,(,) + .V/.,(J' 

^ 2/1 , ^ , w |^A(fce + s/ie)(j/) 

a2(s,/x,y) := -pt (^l + io(K0(y) + s/i0(?/))j q 
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/or 1 < i < 3 



7r\/5 

aA{s,fi,y)o := (l + tQ{kg + sh0){y)) ^^^^^-:^p^A^ {kg + sh0){y)+ 



30 



16(^1 + to (^e + s/ie 



y |Z)2(A:e + s/ie)(y)(x)2|2dSx. 
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Replacing k hy k + sh the existence part, uniqueness, and the asymptotic 
estimates as /u — > fohow directly from Lemmas 4.2-4.7 in [21]. It only 
remains to show the C^-dependence on s, which we omit, since it is analogous 
to the proof given in [21I ]. 

Concerningthe derivatives of a with respect to fi and y we may apply the 
results in [21], Lem. 5.1] and [20I . Lem A.4-A.5] to obtain the following two 
lemmas. 

Lemma 4.2. Under the assumptions of Lemma \4:.l\ we have for all (s, fi, y) € 

0, and 1 < < 3 

da{^ = - 4^ (1 + to (A:, + she) (y)) d\ke + she)iy) 
+ 0{\V{ke + she){y)ffi + fi^+-^). 

^^^^ = (1 + to + she) iy)y"'^Aike + she) (y) 

dyj 3*V5^ ' J dxj ' 

+ 0(|V(A;e + s/i,)(2/)|V + /^'+^), 

Lemma 4.3. Under the assumptions of Lemma \A.\\ we have for all (s, /i, y) G 
and 1 < i < 3 
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+ 0{i\Vkeiy)\^ + |V/i,(2/)p)/x + (|VA:,(y)| + \Vhgiy)\)^i^). 

In order to compute the derivative of a with respect to s one has to mimic 
the lengthy calculation of the t-derivative in [2ll . Lem 5.2-5.3]. We will again 
just state the result and refer to [12] for details. This will be the last point 
where we are less precise concerning the s-dependence. 

Lemma 4.4. Under the assumptions of Lemma \4:.l\ we have for all (s, //, y) £ 

Q and 1 < i < 3 



dais^ = + 0{i\AMy)\ + |A/.,(,)|)/ + /-^i) 

+ 0{i\Vkg{y)\^ + |V/ie(y)P)^2 + (|VA;e(y)| + \VheiyW' 
Lemma 4.5. Under the assumptions o f Lemma 14.11 suppose 

Vkg{0) = and Ake{0) = 0. 
Consider the function a : ^ M^, defined by 
3~ \/5 

tt(s, At, y) := (l + ^o^C^*)) ^ fi,y)i,..., a{s, n, y)zf . 

to/ivr 

T/ien t/iere are = fj.i{tQ, k, h) > and a C'^-function jS : {—sq,sq) x 
(0,/ii) ^ depending on to, k, and h, such that 

Pis, /i) = -i^^^{D^kg{0)) -'vAkeiO) + 0(1^^), 

as ^ — > and 

a{s, /i, /x)) = /or a// (s, fi) £ {-sq, sq) x (0, fii). 

Moreover, fj is unique in the sense that, if y £ -B^^(O) satisfies a{s,iJ,,y) = 
for some s G {—so,so) and < fi < fii, then y = (3(t,fi). 

Proof. Lemma 14.21 suggests to apply the implicit function theorem, but un- 
fortunately a may not be differentiable for /j, = 0. Instead we apply directly 
Banach's fixed-point theorem to the function 

F{s,fi,y) ■.= y+ {D\g{0)y^a{s,f,,y) 
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in Bs{0), where < 6 < dist(0, supp(/i6))) will be chosen later. 
For y £ Bs{0) we use the fact that VA:6i(0) = and get 



1 + 0(5^ 



(4.4) 



,1 + tQkg{y)J 

Fix yi,y2 S -6,5(0) and {s,fj,) G (— so,so) x (0,/^o)) then by Lemma [^2] and 

(Bai) 

\F{s,fi,yi) - F{s,fi,y2)\ 



{yi-y2) + {D^keio)) 



-1 



dy 



s,^l,y2 + tiyl- y2))iyi -2/2) dt\ 



^ {D^keiO)) ^D^ke{y2 + t{yi-y2))dt^{yi-y2) 



< - y2) - 

+ 0(6'^+ sup |VA:0(y)| )|yi 



y2| 



< o{5 + iJL'^^\yi -y2\- 
For y G -65(0) we estimate using Lemma l4.ll 



|F(s,/x, 



y+{D''ke{Q)) \a{s,^i,y))\ 
y - (D^keiO)) (Vkeiy) + 0(6^ + 



< 
< 



L>^fce(0)) '{D''ke{0)y + O{6' + fi'' 



< 0(5^ + 

Consequently, there is /ii > such that F{s,fj,, •) is a contraction in i3^^(0) 
for any < /i < /ii and s G [— sq, sq]- From Banach's fixed-point theorem we 
may define (3{s, n) to be the unique fixed-point of F{s, /i, •) in B^-^ (0). After 
shrinking fii if necessary we may apply Lemma 14.21 and the usual implicit 
function theorem to see that the function (3 is twice differentiable for /x > 0. 
To deduce the expansion for small /i we fix p > and 

yeUp:=BJ- ^,^l{D^ke{0)) ~\AkeiO)) . 



Then, by Lemma |4. II and 

F{s,^,, y) + i?]^[D^kg{Q)) " VAA:e(0) 



< 



< 



y + {D^ei^)) ' (a(s, A*, y) + /i'^VAfe,(0) 



+ {D^keiO)) ' ( - Vkeiy) - fi^^{VAkg{y) - VAke{0)) 



+ 0(^|y|2 + ^2|y|+/i3 



<0(p2 + /iV + /^')- 
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Consequently, we may choose for small < /i a radius < p = 0{fi^) such 
that F maps Up C B^^ (0) into itself. Consequently, the unique fixed-point 
P{s,fj,) must lie in this ball. This ends the proof. □ 

Hence, to exclude or to construct blow-up sequences, which blow-up at 
a nondegenerate critical point 9 of k with Akg{0) = it suffices to study 
a(s,/i,/3(s,p))o. 

Lemma 4.6. Under the assumptions of Lemma \A.5\ and k G C^{S^) we have 

3 ~ 4 f 

{ais,ii,P{s,fi))) = -tofi^{l+tok{e))--^^(ao{9) + s / he{x)\x\-^) 

30(1 + tok{e))i ^ ' 

Proof. In view of Lemma 14.51 and because VA;e(0) = we may estimate 
functions of /3(s,/i) and of k{(3{s,^)) as follows 

F{P) = F(0) - ^,'F'{0)^{D%{0))-\Ake{0) + 0{f,% 

F{k{l3))=F{kgm+0{ii^). 

To prove the claim of the lemma we expand a(s, /x, /3(s, /i))o according to 
Lemma 14.11 and use (j4.5p . □ 

Lemma 4.7. Under the assumptions of Lemma 14.51 suppose 

ao{e) = and ai{e) + toa2{9) > 0, 

and define 

(i + tkie))-*-^ 

tof^-^ 334 

Then as /j, ^ 



7(s,^) := + tk{9))4—^a{s, n, (3{s, n))o. 



ds 



/ie(x)|x|-6 + 0(/i), (4.6) 



^~%r = "ii^^ + tofeW)-'(ai (0) + t,a2{9)) + O(m^). (4.7) 

Proof. As V/c0(O) = we get from ([13]) that dist(0, supp(/ie)) > 0. As 
/3(s, /x) = 0(/x^) as // ^ we get that any term which depends only locally 
on sHq is independent of s for small /x > 0. 
We have 



d fl^ ^^ ^(«)o , 5(a) 

— a(s,/i,/3(s,/i))o - 



jo 



{s,fj.,l3{s,fi)) ds 



(s,M,/3(s,/i)) 9y 

The derivatives of a(-)o are given in Lemmas 14.2114.41 To compute the de- 
rivative of (3 we use the fact that a(s, f3{s, /j,)) = 0. By (|4.5p and Lemmas 
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OHO we have 



ds 



da 
dy 



^ da 

{s,ij.,l3{s,fi)) J ds 



(s,/i,/3(s,^t)) 



aj{s,n,P)i 
ds 



+ 0(/) 



i=1...3 



where we used that 0^(5, fi, y)i is independent of s for small |y|, ^ > 0. From 
Lemma 14.21 we get 



5(a)o 



dy 



dp_ 

{s,fi,l3{s,fj.)) ds 



Furthermore, by Lemma [47 



da{s,n,(3)o (9aj(s,^,/5)o , 4+1. 

J=2 



The definition of 7, (|4.5|) . and Lemma 14.61 yield 
Concerning ()4.7p we get 



— a(s,/x,/?(s,/x))o = — H — 

d/i dfi (s,/.,/3{.,M)) 5y 



dp_ 



By (j4.5p and Lemmas 14.2114.31 we have 



dp 
dfi 



da 



dy {s,|A.,p{s,^l)) J dfi 
3i^/5 ' 



(s,^,/3(s,ft)) 



d^ 



4=1. ..3 



:i)2A;,(0))-^ + O(/,l+i) 

- ^VAA;e(0) + 



33V5ri ' 



Y^aj{s,fx,p)i + 0{^i^) 



j=1...3 



/x(Z)2A:,(0)) VAA:e(0)+O(^2)_ 
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Hence, by Lemma 14.21 and 14.31 



d{a) 



dy 



3 ^ 

^l + toke{0)y'VAkeiO){D^ke{0))-'VAke{0)+0{fi^+-^), 



33^5 
and 

= -^{l + tk{e))-^-^a{s,fi,f3{s,fi))o 
Ofi to/^ 3*4 



*oAt^ 34 4 5/^ 

2 

- ^VAke{0){D^ke{0)y\Akei0)+O{i^^+'^) 

*o/^^ 33 4 33 4 

4 

^3 XI ^' '^)o ~ "2(s, At, /3)o + a^is, ji, /?)o) 

2 

- ^VAfee(0)(L>2^,(0))"VAA:e(0) +0(^3) 

1 ,^ , 5 7r\/5 



(1 +tA:(6i))4^— ( - a2(s,/i,/3)o + a4(s, /3)o ) 



to/i^^ 334 

2 

- ^VAA:e(0)(Z)2A;e(0))"VAfce(0) + 0(/u3) 
If we use ()4.5p and the expansion in Lemma |4. II we find 

1 ,^ , //iNN 5 7r\/5 , 



5 7r\' o / \ 

(1 + tA;(6'))4^— ( - a2(s,/z,/3)o + 04(5, /3)o ) 



*o^^ 334 
= ^VAfc,(0)(l)2A;,(0))-VAA:e(0) 

--A2A:e(0) + / \D^kemxf? dSx. 

24 ^ ^ 1 + ^0^(6') 64 7 I yv A ; 1 

9Bi(0) 

Summing up yields the claim of the lemma. □ 
Lemma 4.8. Under the assumptions of Lemma 14. II we define C S"^ by 
:= {9 G Crit{k) : Akg{{)) = = ao(0), ai(0) + toa2(^) > 0}. (4.8) 
Then there is 6 > such that for any 6 G there exists a unique -curve 
{0 < /i < 5} 9 /i ^ is'ifi), ip'ifi, •)) G (0, 6) X C2."(53), 
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such that as /i — > 

and if^ifJ,, •) solves (jl.ip /or s = s^(/u) and blows up like 

\\n0{ip\fi,x)) - {1 + tok{e)y^ z^fi{x)\\vi,^R3)riC^Bi{0)) = 0{p?). 

The curves are unique, in the sense that, if{si, ipi) E (0, (5) xC^'"(S'^) blow up 
at some 9 £ then 6 £ and there is a sequence of positive numbers (fii) 
converging to zero such that (si,ipi) = {s^{fii),ip^{^i,-)) for all but finitely 
many i £N. 

Proof. We fix G Af* . To construct s^ (/i) we proceed as in Lemma 14.51 and 
use Banach's fixed-point theorem applied to 

F2{s,n) := s - (^j h0{x)\x\~^^ 7(5, /i). 

Since we know the expansion of 7 and ^ as — > it is easy to see that 
F2{-,^) is a contraction in 

for any < const fi^^i < r < ri and the existence part of the claim follows 
from that. The differentiability of s with respect to // follows from Lemma 
14.71 and the usual implicit function theorem. 

Assume {si,ipi) blow up at some 9 £ S^. Then we apply Lemma l3.ll and 
find in stereographic coordinates Sg sequences yi — > 0, //j — > such that 

ne{^i){x) - (1 + to{k{e) + sih{9))~~^z^^,y^{x) 

is orthogonal to T^.^y-Z and converges to as z ^ 00. Consequently, if we 
set 

w{{) := IZei^i) - Zf,^^y. 
we find as Zfj^.^y. is orthogonal to T^.^y.Z, 

w{i) is orthogonal to Tfj_-^y.Z and w{i) - wo{si,^i,yi) -^i^oo 0, 
where wq is defined in Lemma l4.ll Moreover 

= fisi^^e{V^)) = fLsi^,.,y + H^)■ 

The uniqueness part of Lemma 14.11 shows for large i 

w{i) = w{si,fii, yi) and a{si,m, yi) = 0. 
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As Hi —>■ the expansion of a of order fj, and /i^ in Lemma 14.11 shows 

Vke{0) = and Akg{0) = 0. 
From Lemma 14.51 we infer that 

and the expansion in Lemma 14.61 gives 



3 



Q = -to^4{l + ^k{e))-i^(aQ{e) + s^ [ hg{x)\x\-'^) 

+ to/uf (1 + tok{e)ri^^^^[ai{e) + toa2 + 0(/^r^)- 
Consequently 

( ao{9) + Si hg{x)\x\~^ ) — > as i ^ oo, 

and from the choice of /i, assuming < < sq, we deduce that ao(^) = 0. 
Hence 

he{x)\x\-'' = ^,i{l+^k{e)r^'^^(al{e) + toasW) + ©(^J^^). 

Thus, aiiO) + tQa2{0) has to be positive, which shows 9 £ M*, and for large 
i 

s.eB.,^,.-[jhgix)\x\ ^) 

The uniqueness of the fixed point implies Si = s^{iJ,i) and the claim follows. 

□ 

5. The Leray-Schauder degree 

From Section [1] we know that the degree deg{Id — Ls,13cs,0) of the prob- 
lem (II. 5p is independent of s G [6, sq] and equals 

deg(/d-L„^c,,0) = -(l+ (-ir^(''')), 

eeCrit-(k+sh) 

where the set Crit-{k + sh) is independent of s and given by 
Crit^{k + sh) = ^0 £ Crit{k) : Ak{e) < or 

{Ak{e) = and ao{9) < O)}. 

By Lemma 14.81 and the a priori estimate for s = the set of functions 

Lh := solves (jl.Sp for some s S [0, sq], 

if Ue6M,{/(s^(/^), •) : < /X < 5}} 

is uniformly bounded from above and by standard elliptic regularity also in 
C^'"(5'^). By Sobolev's and Harnack's inequality this gives a uniform lower 
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bound, thus there is Ci > such that Lf, C Bci ■ 

Again from Lemma HTSl and since ^ is uniformly positive, there is si > 
smah, such that for any < s < si and any 9 G M^, there exists exactly one 
G (0,(5) satisfying 

Moreover, we may assume, shrinking si 

||/(^^(s),-)||oo>2CiV0G A/„ 

ll/K/H^),-) -/'(/\-)lloo > Ci \/9i + 02 in M,. 

Hence, there are two types of solutions to (II. 5p as s ^ 0^: the solu- 
tions in Lfe C Bci remain uniformly bounded as s ^ 0^ and the solutions 
{Lp^{jjP{s), •) : G M*} that blow up as s — > 0+ and are uniformly isolated 
for each fixed small s > 0. Consequently, using the additivity of the degree, 
we find for any < s < si 

deg(/(i-L„ec,,0) 

= deg(/d-L„Sci,0)+ degi,,iId-Ls,ip'{^i'is),-)) 

eeM* 

= degiId-Lo,Bc„0)+ deg,„,(/d-L„/(/(s),-)). 

Together with (|1.6[) we get for any < s < si 
deg{Id-Lo,Bc„0) 

= E i-ir''^'''^) - E deg,„,(Jd-L„ /(/(.),.)). 

e^Crit. (k+sh) 6»eM. 

It remains to compute the local degree degi^^{Id — Lg, ip^{n^{s), •)) for any 
9 G M* . We use the transformation TZg in (|2.2p to define the weighted space 

C^R^TZe) := {u G C^{R?) : u G ne{C^{S^))], 

lkllc2{R3,7Je) := ll(^e)~"^MIIc2{S3)- 

Note that C^(M^,7^6') ^ P^''^(M^), because T^e is an isomorphism between 
F^'2(S'3) and Ugi^g Ue we obtain 

deg/ocU^^ - ^%ii\s), •)) = degioc(/d - 7^eL^(7^0)"^ ue,^) 




where wg^^, = l^e{^'^{^l'^{s),■)) G C2(R3,7^g). Note that by duality we con- 
sider // g as a map from the Hilbert space into itself. 
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Lemma 5.1. Under the assumptions of Lennma\SM there holds for < s < 
si 



Proof. Fix 9 G M^. The solution n^^c, G C^(M'^,7^e) is given in notation of 
Lemmas 14.11 and 14.51 by 

ue,s = +'w(s,/(s),/(s)), 

where y^{s) = {s , fx^ (s)) . {jj^ (s) , (s)) is the only zero of a{s,-,-) for /x 
and \y\ bounded above by a small fixed constant. As y^{s) = O(s^) we may 
replace y^ by (in various expressions below) and get an addition 0(s^)- 
error. 

We drop the s-dependence of /i^ and y^ in the notation when there is no 
possibility of confusion. Moreover by Lemma 14.81 we have ~ jj and we 

may estimate the errors in terms of s. 

As seen above by Lemma 14.81 the solution uo^s remains uniform isolated in 
C2(M^, 7^6llas weh as in ©^'^(M^) for s £ (0,si]. From (142]) and regularity 
results we infer that w{s, //, y) S C'^{M.^ ,TZg) depends continuously on 

{s,l^,y)- 

To compute the local degree, we first show that //^ sC^e,^) is nondegenerate. 
To this end we let 

d 

ip{s,e)o := /c^^ — (z^,/3(s,^) +w{s,^i,P{s,n)))\^0, 
d 

(p{s,e)i := fi^c^^ — {z^0y + w{s,n'^,y))\ye, i = 1 . . . 3. 
The derivatives of /3 and w with respect to fi are computed in [l^, App. A] 



the derivatives of w with respect to yi are given in 2l|, Lem. 5.1]. We have 

||^(.,/)| = 0(s), 

ll|^(^,/,y^)-^(^,/,y^)bM(M3) = o(.) 

ll^is,^ ,y )- "^(•^'^ '2/ )bi>2(R3) = 0(s). 
Therefore we get 

ue,s = (1 + io^e(0))~3z^9_j,e + 0(s^)x>i,2(R3), 
^{s,e)Q = (i + toA;9(0))-3(e^e,^«)o + 0(s2)pi,2( 
= (l + toA:9(0))-3(4«,y«)i + 0(s^)©i>2( 
By Lemma 14.81 and Lemma |4. II we find 
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Differentiating with respect to /x by Lemma 14.71 leads to 

3 

= (to(/i')'(l + tA:,(O))-t^(ai(0) + toa2{e)) + 0{s^+-^)) {^^0^^0)0. 
Moreover, differentiating 



with respect to yj we get from Lemma 14.21 



i=0 



/to,^K.)4</'(s,0),- = iV. — 

+ 0(s^)(Vy)o- 
Orthogonal to „ „ Z we use 

fto,siUs,e) = /o (V,S/») + /) - ^0(s, /, /)||)£(©l,2(K3)) 

= /O (V,'/) + <-^(/^^)£(X>1.2(K3)). (5.1) 

The 0(/i)-estimates are given in [21, Lem. 4.1] or can be obtained using 
Holder's and Sobolev's inequality and the fact that kg{x) — kg{y) is bounded 
in and of order 0{\x — y\) for \x — y\ << 1. 

To obtain a contradiction assume there is a function v e C'^{R^ ,ne) \ {0} 
with ft^^^s{'^d,s)v = 0. We may assume ||w||di,2(]k3) = 1. Then by (|5.ip 

0{S) = ||/o(V,y»)^llx'1.2(IR3) > c\\Pr0jT, ^ ZXt'||Dl,2(R3), 

because f'^iz^e yo) is an isomorphism of Tz^g yO^^- Moreover, 

= fto,siue,s)c^f{s,e)ov 



-(ai(0)+toa2(0)) + O(s'+3) ((V,j,«)o,^^)7?i.2 
^6^/5(1 + tA;e(0))4 / 

and 

= (//o,s(^e,.)c5¥'(s,6l)jt; 
to(/)'vr 



33\/5(l + tofee(0))-3 

+ 0(S^)((^^9_J^9)0,V)©1,2 
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Since D'^kg{0) is invertible, we see that Projx^ zv = 0, contradicting the 

fact that ||t'||x)i,2(K3) = 1. Since ftQ^giug^s) is of the form id — compact in 
C'^{M.^ ,TZg) (as weh as in 

pi'2(R3)) we get 

\\fto,si'^9,s)v\\c^{ms,ng) > c\\v\\c2{R^ne)- 
For fl^^.iu) = fll^{ug^s)iu - ug^s) + 0(||n - ^te,.||^2(IR3,7^e))' 



To compute deg^o^ |^//^ Oj we consider the finite dimensional spaces 

(see 



--{ug^,) e (v^(s,^)o) e {^{s,0)i : l<i<3) 



© (^l!i,f : j e No, 2 < i +i < n, 1 < / < q). 

The functions, spanning Xn^s, are a basis, as they are orthogonal in I?^'^( 
up to an 0(s^)-error. The linear operator PTojx^^sft'o^si'^e.s) restricted to 
Xn^s is given by, up to a multiplication of the elements in the diagonal by 
positive constants 

/-4 \ 

^l^{al{e) + toa2{e)) o o 

-n'^D'^kgiO) 





V 



+ 



/0(/x) 0(/i) O(^) 0(m)\ 

O(m^) 0(a.3) 0(^3) 0(^4) 

VO(/z) 0(/z) 0(m) 0(/x)y 
Thus, we find for large n and small s 

degioc [fto,siug,s),0^ = sgndet {Projx„^Jto,siue,s)) 

= sgndetiD'^kgiO)) = {-If'^^M, 

which proofs the claim. □ 

Remark 5.2. From the proof of -Lemrna l5.il we see that //'^ si'^d,s) is nonde- 
generate and the Morse-Index ofugg, i.e. the number of negative eigenvalues 
of fto,s(.ue,s), is given by 

ind{fto,s,Ud,s) = 1 + ind{-k,6) =4 - ind{k,e). 
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